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We present numerical results for the J1-J2 Heisenberg model on a triangular lattice at finite
temperatures T > 0. In contrast to unfrustrated lattices we reach much lower T ∼ 0.15J1. In static
quantities the novel feature is a quite sharp low-T maximum in the specific heat. Dynamical spin
structure factor S(q, ω) allows for the extraction of the effective spin-wave energies ωq(T ) and their
damping γq(T ). While for J2 = 0 our results are consistent with T = 0 spin ordering, J2/J1 ∼ 0.1
induces additional frustration with a signature of spin liquid ground state. In the latter case, results
for spin-lattice relaxation rate indicate in the low-T accesible regime on 1/T1 ∝ Tα with α ÿ 1, as
observed in recent spin-liquid materials on a triangular lattice.
Introduction. In the last decade there are intensive the-
oretical efforts to understand spin systems, which would
behave at low temperatures T as spin liquids (SL) [1], i.e.,
revealing no long-range order (LRO) down to T → 0. The
theoretical search [2] has been stimulated by several novel
materials, which seem to be realization of frustrated two-
dimensional (2D) spin systems and experiments allow for
the measurements of various static and dynamical prop-
erties [3]. As a very recent candidate with a triangular
lattice (TL) is a layered material 1T-TaS2, which has at
T < TCDW a commensurate charge-density-wave (CDW)
order, but is a Mott insulator [4] without any spin or-
der at T → 0 [5–8]. Nevertheless, the nuclear-relaxation
measurements reveal spin fluctuations within the charge
gap and spin-lattice relaxation 1/T1 ∝ Tα with α ∼ 2
in a broad range Tf < T < TCDW . Analogous relax-
ation is observed in organic compound κ-(ET)2Cu2(CN)3
[3, 9, 10] with α ∼ 1.5 and EtMe3Sb[Pd(dmit)2]2 with
α ∼ 2 [11]. All these results indicate on relevant low-
energy spin fluctuations and support the interpretation
in terms of a SL, behaving as gapless at least in a certain
T range.
Antiferromagnetic (AFM) Heisenberg model (HM) on
TL has been originally proposed [12] as the candidate
for the resonant-valence-bond or SL ground state (g.s.).
Numerical [13–15] and analytical [16] studies, however,
reveal that g.s. has spiral LRO with spins pointing along
1200 tilted directions. Recently, the focus shifted to gen-
eralized HM where SL can become the stable g.s.. Re-
cent numenical studies reveal that the J1 − J2 HM on
TL with additional AFM next-neighbor coupling J2 > 0
introduces further frustration which favours SL [17–22].
The same state might be stable also by introducing ring-
exchange [23, 24] or similar terms obtained by down-
folding the Hubbard model in the Mott insulating phase
[25, 26]. Much less firm are conclusions on T > 0 proper-
ties. It is plausible that within a simple HM on TL frus-
tration reduces LRO relative to unfrustrated square lat-
tice [27]. Still, numerical calculations of static quantities
within the HM on TL [28] did not pin down evident T > 0
features with a dominant effect of SL physics. In particu-
lar, the consequences for local spin correlations SL(ω), as
measured via NMR spin-lattice relaxation 1/T1, remain
an open theoretical question in frustrated spin systems
[3], but not fully clarified on the square lattice either
[27, 29–31].
In this Letter we present T > 0 results for the J1 − J2
HM on TL obtained by the finite-T Lanczos method
(FTLM) [32–34]. One feature (not present on a square
lattice) appears in the specific heat CV (T ), revealing a
broad shoulder at T < J1 ending with a pronounced peak
at Tcoh ∼ 0.15−0.25J1, least pronounced for the SL can-
didate at J2 ∼ 0.1J1. One can associate such a behavior
with the onset of spin coherence (long- or short-range)
only at T ∼ Tcoh ¹ J1. At J2 = 0 we observe the soft-
ening of the ’spin-wave’ (SW) energies ωq(T ) as T → 0
in the Brillouin zone (BZ) corner, consistent with the
g.s. LRO [13–15] and the SW approximation [16]. How-
ever, small J2/J1 ∼ 0.1 already induces near degeneracy
at the BZ edges, favouring the interpretation in terms
of SL. The most elusive conclusion so far has been the
dynamical SW damping γq(T ), which we find at lowest
reachable T decreasing with T . Consistently, we find in
the SL regime at low but reachable T above finite size
Tfs ∼ 0.15J1 the relaxation rate behaving as 1/T1 ∝ Tα
with α ÿ 1, qualitatively in agreement with recent results
in candidate SL materials [3, 5].
Model and numerical method. We consider the isotropic
J1-J2 extended HM on TL,
H = J1
∑
〈ij〉
Si · Sj + J2
∑
〈〈ij〉〉
Si · Sj , (1)
for local spins S = 1/2 with AFM nearest-neighbor spin
exchange J1 and next-nearest neighbor exchange J2 ÿ 0.
J2 introduces additional frustration. Further on we set
J1 = 1 as an energy scale. We consider the model on
2D lattices with periodic boundary conditions with up
to N = 30 sites according to minimal imperfection [35–
37] and the possibility to contain particular wavevector
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2Q within the BZ. Within the triangular lattice of partic-
ular interest are BZ corner QK = (4pi/3, 0) relevant for
the 1200 spiral LRO, QM = (0, 2pi/
√
3) dominant in the
stripe-like ordering at J2 ÿ 0.15 [21] or for square-lattice-
like AFM order on anisotropic TL [24].
We calculate thermodynamic quantities and dynami-
cal structure factor S(q, ω) at T > 0, using the FTLM
[32, 33], previously used in numerous studies of T > 0
properties in various models of correlated electrons [34].
The main limitation of the method are finite size effects
appearing for T < Tfs. While for HM on a square lattice
we reach Tfs ∼ 0.4 [33, 34], the frustration due to TL and
J2 > 0 allows to reach considerably lower Tfs ∼ 0.15. See
more details in [37] where for example the specific heat
CV (T ) showing consistent behavior for a wide range of
lattices N = 20 − 30 down to T ∼ 0.15 is presented We
note also that FTLM has been recently used also to eval-
uate T > 0 properties of HM and Hubbard model on an
anisotropic TL [38, 39].
Thermodynamic quantities. The difference between the
HM on a square lattice and on TL is well visible already
in the entropy density s(T ) (in units of kB) and in the
related specific heat CV (T ). Corresponding results for
J2 = 0, 0.1, 0.2, along with results for the square lattice,
as obtained by FTLM on N = 30 lattice, are presented
in Fig. 1. While in both models the entropy s(T ) satu-
rates at T > 1, the behavior evidently splits at T < 1.
On square lattice the onset of short-range order at T < 1
can be associated with a drop of s(T ), coinciding with the
maximum in CV at T = Tcoh ∼ 0.7. On the other hand,
large s(T ) persists on TL to lower T and the inflection
point shifts to Tcoh ∼ 0.2 for J2 = 0 and even lower
for J2 = 0.1, 0.2. The behavior is reflected in CV (T ) on
TL, which reveals (in contrast to square lattice) a broad
shoulder at T < 1, but as well a peak appearing at lower
Tcoh = 0.15 − 0.25. The latter is most pronounced and
stable [37] at J2 = 0, consistent with the onset of LRO
in this case and in agreement with increased static cor-
relations Sq and susceptibilities χ0q for T < Tcoh [37]. It
has been apparently missed in some previous studies [28],
but observed within Hubbard model on the anisotropic
TL [39]). The peak in CV (T ) is weakest for J2 ∼ 0.1,
another signature for low-T SL, while it reappears for
J2 = 0.2 with the presumable onset of the stripe order.
In contrast to CV (T ) the uniform susceptibility χ0(T ) is
more featureless [37].
Dynamical spin structure factor. Next we turn to the
dynamical spin structure factor S(q, ω), evaluated within
FTLM [33, 34] with similar restrictions as the thermody-
namic quantities above. Due to periodic boundary con-
ditions we are restricted to discrete q within the BZ (see
the inset in Fig. 2 for the N = 30 lattice). It is helpful to
analyse S(q, ω) in terms of the dynamical susceptibilities
Imχq(ω) = pi(1−e−βω)S(q, ω) whereby (complex) χq(ω)
can be represented in the form of the memory function
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Figure 1. ( a) The entropy density s(T ), and b) specific heat
CV (T ) of the J1-J2 Heisenberg model on the triangular lattice
for different J2, and compared to the reference square-lattice
result, as obtained by FTLM on lattices with N = 30 sites.
(MF) Mq(ω) [40–42] (for relations see [37]),
χq(ω) =
−ηq
ω2 − ω2q + ωMq(ω)
, (2)
with the effective SW energy ω2q = ηq/χ
0
q, χ
0
q = χq(ω =
0) and ηq the corresponding stiffness. Both χ0q and ηq
can be directly evaluated from numerically calculated
S(q, ω), while the latter allows also to extract Mq(ω)
[37]. We note that γq(ω) = ImMq(ω) has a direct inter-
pretation in terms of the damping of the SW mode at
ωq. The analysis in terms of Eq. (2) is general, but it
becomes particularly meaningful provided that γq(ω) is
weakly ω and q dependent, especially for q along the BZ
boundary, where ωq are smallest (and χ0q largest). We
note that ηq (expressed in terms of local static correla-
tions [37]) is (away from q = 0) generally modestly q and
T dependent.
Results for χ0q, presented in Fig. 2a, reveal crucial de-
pendence on J2. We compare χ0q(T ) on TL for three pa-
rameters J2 = 0, 0.1, 0.2 and for three characteristic q:
BZ corner QK and edge QM , and for reference also the
inside-BZ point QX (where SW approximation at J2 = 0
yields the maximum ωq ∼ 1.5 [16]), which are accesible
on N = 30 lattice (see inset in Fig. 2). Several conclu-
sions can be drawn from Fig. 2a: a) χ0q(T ) have strong
T dependence and much larger values for q along the
BZ boundaries relative to inside of BZ (as well to χ0(T )
[37]). b) The variation with J2 shows the qualitative
change of spin excitations. For J2 = 0 the value at QK is
clearly dominant over QM , consistent with divergence of
χ0K(T → 0) and the spiral g.s. LRO. This is not the case
for J2 = 0.1 where χ0M (T ) ∼ χ0K(T ) with an increase for
lower T ∼ Tfs, whereby we cannot give a firm conclu-
3sion on the behavior of χ0q(T → 0). Finally, for J2 = 0.2
the situation is inverted relative to J2 = 0, with dominant
and apparently diverging χ0M (T → 0), indicating a stripe
g.s. LRO. c) Presented results for χq(T → 0) are quali-
tatively consistent with previous numerical studies of the
g.s. of the J1-J2 HM on TL, dealing with static (equal-
time) correlations Sq = (1/pi)
∫
dωS(q, ω) [17, 19, 21, 22]
which also show a qualitative change along the J2 phase
diagram (for our Sq(T ) results see [37]). In contrast to
Sq(T ) the susceptibility χ0q(T ) incorporates also infor-
mation on dynamical softening, and enhances differences
between low-T regimes.
Corresponding ωq(T ) are presented in Fig. 2b and
mainly reflect the behavior of χ0q(T ). Results are qualita-
tively consistent with the softening of SW mode ωK(T →
0) = 0 at J2 = 0, and similarly ωM (T → 0) = 0 for
J2 = 0.2, respectively. On contrary, consistent with the
SL scenario ωq(T → 0) only partially softens in the inter-
mediate case J2 = 0.1 with near degeneracy of ωK ∼ ωM
down to lowest T . Results for ωq(T ) could be qualita-
tively interpreted in terms SW-approximation result ω˜q
[16] generalized via an effective gap κ(T ) (at least along
the BZ boundary) into ω2q ∼ ω˜2q + κ2, which can as
well be associated with the finite AFM correlation length
ξ ∼ v0/κ, where v0 ∼ 1 is the AFM magnon velocity [16]
(at J2 = 0). In such a scenario, results confirm that in
HM on TL the longer correlation length, i.e., κ(T ) < 1
emerges only at T < 0.5, below which ωq start to differ-
entiate. I.e., for J2 = 0 ωK(T ) is decreasing with T → 0,
while ωX increases towards the SW-approximation re-
sult ωX ∼ 1.6 [16]. The role of K and M are reversed for
J2 = 0.2, while most interesting J2 = 0.1 reveals besides
the degeneracy ωK ∼ ωM and κ(T ) > 0.7 also weak T
dependence, at least for reachable T ∼ Tfs.
Although one might suspect that damping γq(ω) is
more sensitive quantity (which is anyhow the case due
to numerical and finite-size limitations), results confirm
that it is (some characteristic cases shown in [37]) quite ω
independent, at least within the relevant range ω . ωq.
This reduces Eq. (2) to a form of simple damped oscil-
lator [37]. In Fig. 3 we show results for the d.c. limit
γ0q = γq(ω → 0) which reveal that it is moreover weakly
q dependent. At high T > 0.5 we get γ0q ∼ 2, in compar-
ison to ωq & 1 in Fig. 2b confirming well damped exci-
tations within the whole BZ. For T < 0.5 γ0q decreases
more strongly than ωq and leads to more underdamped
excitations in particular for QK at J2 = 0 and QM at
J2 = 0.2.
NMR spin-lattice relaxation. For the interpretation of
NMR spin-lattice relaxation time T1 the important re-
lation is with low ω dynamical local spin correlations
SL(ω) = (1/N)
∑
q S(q, ω). Assuming q-independent
form factor it follows from Eq. (2),
1
T1
∝ SL(ω → 0) = T
piN
∑
q
ηqγ
0
q
ω4q
. (3)
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Figure 2. a) Static susceptibilities χ0q(T ), and b) correspond-
ing ωq(T ) on TL for different J2 = 0, 0.1, 0.2, presented for
different q: corner K, edge M and inside X BZ points, re-
spectively. Inset shows the BZ and available q on N = 30
lattice.
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Figure 3. D.c. damping γ0q(T ) for different J2 = 0, 0.1, 0.2 at
two BZ-edge wavevectors for N = 30 lattice.
Results of a straightforward FTLM calculation of 1/T1
obtained on N = 30 system (omitting the q = 0 contri-
bution) are presented in Fig. 4 for the TL with different
J2, along with the corresponding result for the square
lattice. Using Eq. (3), results can be interpreted as fol-
lows. For T > 1 SL(ω ∼ 0) becomes T -independent, so
we get 1/T1 ∼ const. [43], with the value quite insensi-
tive to lattice as well as on J2. Such behavior extends for
TL even further to T > 0.5. At lower T the T variation
enters through Eq. (3) via ωq(T ) and γq(T ), where the
dominant contribution to SL(ω) emerges from soft modes
ωq < 1 inside the BZ . One can simplify the discussion
with the observation that the damping is quite q inde-
pendent, i.e., γ0q ∼ γ0, while ηq = η0 is, moreover, T inde-
4pendent. From Eq. (3) we then arrive at the estimate for
the T -dependence as 1/T1 ∝ Tγ0(T )S(T )/κ4(T ), where
S(T ) is the BZ surface satisfying ωq ∼ κ. Several differ-
ent scenarios can be now anticipated from the preceding
relation for low T :
a) In the case of g.s. LRO in 2D the divergent AFM cor-
relation length is expected as κ = 1/ξ ∝ e−A/T [44].
Since in 2D S ∝ κ2 and diverging ξ(T → 0) dominates
over vanishing γ0 ∝ T ζ , this leads finally to diverging
1/T1(T → 0) → ∞ [29–31]. Due to finite size (restricted
number of q) this behavior is quite hard to establish nu-
merically. Still, we find a reproducible upturn in agree-
ment with such a scenario in Fig. 4, both for the square
lattice with an upturn at T ∼ 0.7, as well in the TR lat-
tice with J2 = 0 with the minimum of 1/T1 at T ∼ 0.5.
From our results in Fig. 4 it is not clear whether an anal-
ogous scenario should finally (at T → 0) also apply to
stripe order at J2 = 0.2.
b) In a SL regime spin LRO does not emerge at T → 0.
This is reflected either in the saturation κ(T → 0) ∼ κ0
or very slowly varying and possibly vanishing κ(T →
0) → 0. In the range of our method it is hard to dis-
tinguish both options, nevertheless one of them appears
to be the case at intermediate J2 ∼ 0.1. This still offers
several scenarios for the SL. Finite limiting γ0(T → 0),
with κ0 > 0 would indicate on fermionic-type excitations
and a gapless SL with spinon Fermi surface [7, 8], lead-
ing to 1/T1 ∝ T , not excluded by results on Figs. 2b
and 3. The vanishing γ0(0), which appears more plausi-
ble from Fig. 3, at finite κ0 > 0 would imply a gapped
SL. In this case, observed power-law-like 1/T1 ∝ Tα with
α ÿ 1 at T < Tcoh would crossover into an low-T expo-
nential dependence. On the other hand, slowly vanishing
κ(T → 0)→ 0 would allow also for more involved scenar-
ios, as the gapless Dirac SL, which would lead to α = 2
[7], not inconsistent with Fig. 4.
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Figure 4. Spin-lattice relaxation rate 1/T1 vs. T for the HM
on TL with different J2 = 0− 0.2. For comparison the result
for the square lattice is also shown.
Conclusions. Presented results of T > 0 static and
dynamical properties of 2D J1-J2 HM on TL are com-
plementary to several established and recent studies of
the g.s. of the same model. The comparison with better
understood HM on square lattice is quite informative.
One evident difference is that relative to latter case, the
frustration allows for reliable results to much lower, i.e.,
Tfs ∼ 0.15J1 for the most frustrated case J2 ∼ 0.1. In
the specific heat CV (T ) this enables to establish (in con-
trast to square lattice ) two characteristic scales. Besides
the broad shoulder at T < J1, we find in TL quite sharp
peak at T ∼ (0.15 − 0.2)J1 indicating the onset of spin
coherence, pronounced in particular for J2 = 0 case.
The focus is still on T > 0 dynamical properties, not
much accessible so far, in particular those relevant for
recent experiments on SL. For the J2 = 0 we find soft-
ening of the BZ corner mode ωK(T → 0) → 0 [13–
15] as well as expected increasing NMR relaxation rate
1/T1 by lowering T , as expected for systems with AFM
LRO [29, 30]. Most interesting is clearly the intermediate
regime J2/J1 ∼ 0.1 as the candidate for SL. Here, down
to lowest T a near degeneracy along the BZ edge remains,
i.e. ωK ∼ ωM showing tendency of finite limiting T → 0
value in for low T regime, e.g., for Tfs < T < Tcoh. To-
gether with decreasing damping γ0(T → 0), this leads to
observed vanishing 1/T1 ∝ Tα with α ÿ 1 in the lowest
reachable T regime. Such a behavior is an experimental
hallmark of a SL, established with α ∼ 2 in several re-
cent experiments [3, 5]. Still, from our study it is hard
to distinguish whether this is intermediate T dependence
within a possible gapped SL, or an indication of a gap-
less SL, e.g., with spinon Fermi-surface with α = 1, or a
Dirac SL with α = 2.
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In the Supplemental Material we provide more details concerning the numerical method and tests,
as well some additional results on thermodynamical quantities, the basic facts on the memory-
function analysis and the presentation of dynamical quantitites.
I. NUMERICAL METHOD AND
THERMODYNAMICAL QUANTITIES
In the evaluation of thermodynamical (and further on
dynamical) quantities we employ the FTLM method [1–
3] on various triangular (and for comparison also square)
lattices with periodic boundary conditions. The lattices
with N = 20 − 30 sites are chosen so that they have
a small imperfection [4, 5], but as well that they con-
tain (if possible) characteristic points in the Brillouin
zone. In particular this is the case for QK = (4pi/3, 0)
(the ordering wavector of the spiral 120◦ order in tri-
angular lattice) and QM = (0, 2pi/
√
3), ordering for the
stripe-like order for J2 > 0.15 and for the related stan-
dard AFM order on square lattice obtained as an ex-
treme limit of anisotropic triangular lattice. Among the
presented results, the largest lattice with N = 30 con-
tains both points (see inset in Fig. 2 in the main text),
while smaller lattices contain only some of them, e.g.,
N = 26 contains QM but not QK . Similar is the choice
in presented results for the HM on the square lattice with
N = 30 sites which contains the AFM ordering wavevec-
tor QM = (pi, pi).
The limitation of the present method is given by the
size of the many-body Hilbert space with Nst < 10
7 basis
states which can be handled efficiently within the FTLM,
restricting the lattice sizes to N ≤ 30. The main criterion
for the macroscopic relevance of FTLM results is the ther-
modynamical sum Z(T ) = Tr exp[−(H − E0)/T ], which
determines the Z > Z∗ = Z(Tfs)  1. In addition, the
FTLM approach also involves a random sampling over
initial wavefunctions, which we typically choose Ns = 10,
which partly influences the statistical error [2, 3] of re-
sults. We use the actual criterion that Z∗ ∼ 10 which
implies (for N = 30) also roughly the threshold at en-
tropy density s(Tfs) ∼ 0.1, independent of the model. It
is then evident that from Fig. 1 in the main text that
Tfs depends essentially on the model. In particular, it
follows that Tfs ∼ 0.4J for the square lattice HM, while
Tfs ∼ 0.2J for the triangular lattice and Tfs ∼ 0.15J
for frustrated lattice with J2 = 0.1. While results at
higher T > Tfs do depend on the choice of the lattice,
the actual behavior of various quantities, in particular
of q-dependent or q-integrated dynamical quantities as
1/T1, is more sensitive on the presence of relevant sym-
metry point in the Brillouin zone. On the other hand,
thermodynamic quantities as s(T ), CV (T ) and χ0(T ) are
more robust, so results remain quite lattice-independent
even at lower T < Tfs.
In Fig. 1 we present the results for the specific heat
CV (T ) on a triangular lattice with n.n. exchange only,
i.e. with J2 = 0., as obtained on different lattices with
N = 20 − 30. It is evident that qualitative features of
CV (T ) are quite consistent and size independent down
to T ∼ 0.15J . All results share two essential features: a
broad shoulder appearing below T ∼ J and a narrow co-
herence peak at T ∼ 0.2J . Here, one should acknowledge
that among presented thermodynamic quantities, CV is
the most sensitive on finite size effects. Hence, final re-
sults for CV (T ) as well as for the entropy s(T ) for other
model parameters as presented in Fig. 1 in the main text
can be regarded as macroscopic ones down to T ∼ Tfs.
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FIG. 1. Results for the specific heat CV (T ) of the Heisenberg
model on triangular lattice with J2 = 0, as obtained by FTLM
on systems with different number of sites N = 20− 30.
In Fig. 2 we present also results for the uniform suscep-
tibility χ0(T ). For the triangular lattice χ0(T ) are only
weakly dependent on J2, at least for the accesible range
T > 0.15J , since they all reveal maximum at T ∗ ∼ 0.4J ,
in agreement (both in location and the value) with the
high-T expansion result [6]. For comparison we show
also the result for the square lattice with the maximum
at T ∗ ∼ J . While in the latter case the low-T limit is
understood (due to long-range order at T = 0 one has
2χ00 = χ0(T → 0) > 0) [7], this is not the case for the
frustrated triangular lattice with finite J2. In the case
of J2 = 0 (pure triangular lattice) one would expect in
analogy with the square lattice χ00 > 0, while in the SL
case, e.g., at J2 = 0.1, the spin excitations can be ei-
ther gapped with χ00 = 0 or gapless with χ
0
0 > 0. Still,
the restriction to T > Tfs does not allow to differentiate
between possible limits (finite or zero) of χ0(T → 0).
For completness we show in Fig. 3 also the static spin
structure factor Sq for chosen q’s in the Brillouin zone.
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FIG. 2. Uniform spin susceptibility χ0(T ) within the Heisen-
berg model on the triangular lattice with J2 = 0− 0.2 and on
the square lattice. Obtained by FTLM on N = 30 lattice.
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FIG. 3. Static spin structure factor Sq(T ) for several wave-
vectors q calculated within the Heisenberg model on the tri-
angular lattice with J2 = 0 − 0.2. Obtained by FTLM on
N = 30 lattice.
II. MEMORY-FUNCTION ANALYSIS
The dynamical spin susceptibility χq(ω) and the dy-
namical structure factor S(q, ω) are defined in a standard
way,
χq(ω) = i
∫ ∞
0
dteiω
+t〈[Szq(t), Sz−q(0)]〉,
Imχq(ω) = pi(1− e−βω)S(q, ω), (1)
The memory function (MF) formalism [8–10] is as usual
introduced via the corresponding relaxation function
Φq(ω),
Φq(ω) =
χq(ω)− χ0q
ω
, (2)
where χ0q = χ
0
q(ω = 0) is static spin susceptibility. Then,
one can generally represent the complex Φq(ω) in terms
of the effective SW energy ωq and the (complex) SW
damping function Mq(ω),
Φq(ω) =
−χ0q
ω − ω
2
q
ω +Mq(ω)
, ω2q =
ηq
χ0q
, (3)
leading with relation (2) to the Eq. (2) in the main text.
In the formalism ωq is given as the (second) frequency
moment of the relaxation function ImΦq(ω) with ηq be-
ing the corresponding ’stiffness’ ,
ηq =
1
pi
∫ ∞
−∞
ω Imχq(ω)dω = 〈[[Szq, H], Sz−q]〉 (4)
It is evident from the above relation to the static
(rather local) quantity, that ηq is expected to be
smoothly q dependent as well weakly T dependent. From
known S(q, ω) we can now directly evaluate static quanti-
ties χ0q and ωq and consequently from the complex χq(ω)
(obtained via the Hilbert transform) we extract the MF
function Mq(ω),
Mq(ω) =
ω2q
ω + χ0q/Φq(ω)
− ω, (5)
in particular the SW damping function γq(ω) =
ImMq(ω).
III. DYNAMICAL QUANTITIES
The analysis of S(q, ω) in terms of the MF (3) is
particularly meaningful, when the MF is considerably
smoother, e.g., both in ω and in q, than the correspond-
ing original S(q, ω) or Φq(ω).
In Fig. 4 we show imaginary part of the relaxation
function ImΦq(ω), and its ω and q dependence can be
compared to the ω and q of the memory function. In Fig.
5 we show imaginary part of MF γq(ω), and demonstrate
its weak ω and q dependence for a range of T .
For completeness we show in Fig. 6 imaginary part of
local relaxation function
ImΦL(ω)
pi
=
1
piN
∑
q
Imχq(ω)/ω, (6)
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FIG. 4. Frequency dependence of the imaginary part of the
relaxation function ImΦq(ω) for three characteristic q = QK ,
QM and QX . Calculated with FTLM on N = 30 lattice for
J2 = 0.1 and broadened with η = 0.05.
which is directly related to the NMR relaxation rate
1/T1 = T ImΦL(ω)/pi and shows smooth ω dependence
and a decrease with T .
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FIG. 5. Frequency dependence of the imaginary part of
memory function, γq(ω) = ImMq(ω), for three characteris-
tic q = QK , QM and QX . It is evident that γq(ω) shows
surprisingly small dependence on ω and q, while it shows a
decrease with T at lowest T as expected. Its value at ω = 0
determines the NMR relaxation rate 1/T1. Calculated with
FTLM on N = 30 lattice for J2 = 0.1 and broadened with
η = 0.05.
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FIG. 6. Frequency dependence of the local ImΦL(ω)/pi for
several T . Calculated with FTLM on N = 30 lattice for
J2 = 0.1 and broadened with η = 0.05.
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